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$\frac{u^{(n+1)}-u^{(n)}}{\triangle t}=\int_{0}^{1}f(\xi u^{(n+1)}+(1-\xi)u^{(n)})d\xi$ , $u^{(n)}\simeq u(n\Delta t)$





$\frac{\partial u}{\partial t}=\mathcal{D}\frac{\delta H}{\delta u}$ (1)
[4]. [4] $(x, t)\in \mathbb{R}^{d}\cross \mathbb{R}$ $u$
Banach $\mathcal{B}$ $u(x, t)\in \mathbb{R}^{m}$ 2. $\delta H/\delta u$
$\frac{d}{d\epsilon}H(u+\epsilon v)=\int_{\Omega}\frac{\delta H}{\delta u}vdx_{1}\cdots dx_{d}$ , for all $u,$ $v\in \mathcal{B}$
$\mathcal{D}$
$x,$ $t,$ $u$
$(\begin{array}{ll}0 Id-Id 0\end{array})$ , $\frac{\partial}{\partial x}$ , $(\begin{array}{ll}0 Tx\partial Tx\partial 0\end{array})$ , $(\begin{array}{ll}0 -\nabla\cross\nabla\cross 0\end{array})$ (2)
Celledoni









1 (Celledoni [4]). $\nabla_{u_{d}}H_{d}$ $\delta H/\delta u$
$H_{d}’:=H_{d}\Delta x_{1}\cdots\Delta x_{d}$
$\delta H_{d}’/\delta u_{d}$
















$\Omega$ $(Q, \omega)$ Hilbert
Hilbert $L^{2}$




$X_{H}$ $Q$ (4) $u\in Q$
$\omega(X_{H}, v)=dH(v)$ for all $v\in T_{u}Q$ (5)
$T_{u}Q$ $u$ (4) Riesz
:
$X_{H}= \omega^{\#}\frac{\delta H}{\delta u}$ . (6)
$\delta H/\delta u$ $dH$ Riesz 4. (1)
([15] ).
$L^{2}$ Riesz $\omega\#$ $\mathcal{D}$ (6) (1)
$H$ $\mathcal{A}$ $H=H(\mathcal{A}u)$
$\frac{\delta H}{\delta u}=\mathcal{A}^{*}H’(\mathcal{A}u)$ (7)
$\mathcal{A}^{*}$ $\mathcal{A}$ $H’$ $H$








1. $Q$ $H$ .
2. $\delta H/\delta u$ .
3. $Q$ $\omega$ $\omega\#$ .
Riesz
$\tilde{2}$ . $T_{u}Q$ $\langle\cdot,$ $\cdot\rangle\tau_{u}Q$
1’. $Q$ $Q_{d}$ $Q_{d}$ $H_{d}$ ,
2’. $u_{d}\in Q_{d}$ $T_{u_{d}}Q_{d}$ $\langle\cdot,$ $\cdot\rangle\tau_{u_{d}}Q_{d}$ ,
3’. $\omega\#$ $Q_{d}$ $\omega_{d}^{\#}$
$Q_{d}$
$\frac{\partial u_{d}}{\partial t}=\omega_{d}^{\#}\frac{\delta H_{d}}{\delta u_{d}}$ (8)





$d$ , $d^{*}$ , Hodge $\star$ , $\langle\cdot,$ $\cdot\rangle_{\Lambda^{k}}$
$\mathcal{A}$






1: ($u$ $0$- ).
2: ($u$ 1- ).
$\omega\#$ Celledoni (2)
$\partial/\partial x,$ $\nabla\cross$
$\frac{\partial}{\partial x}=\frac{1}{2}(\star d-d^{*}\star)$ , $\nabla\cross=\frac{1}{2}(\star d+d^{*}\star)$ (9)
$\star d-d^{*}\star$ 1 $0$-





























de Rham $\mathcal{R}$ : $\Lambda^{k}(\Omega)arrow C^{k}$ $k$-
k- :
$( \mathcal{R}\xi)(c):=\int_{c}\xi$ $\xi\in\Lambda^{k}(\Omega),$ $c\in C_{k}$ .
dd








$\Lambda^{0}\overline{\sim}\frac{d-\sim}{d}$ $\Lambda^{1}\frac{}{\sim}\frac{d_{-}}{d}\Lambda^{2}$ $\frac{}{-}\frac{d_{\wedge}}{d}\Lambda^{3}$ ( )
( )
$\tau v$ $\tau v$ $\tau v$ $\tau v$
‘
$|$




$\langle a,$ $b\rangle_{C^{k}}=\langle \mathcal{I}a,\mathcal{I}b\rangle_{\Lambda^{k}}$
3. $d_{d}^{*}$ dd
4. $0$ 3 Hodge $\star os$ 1 2 Hodge
$\star_{12}$ ( Bossavit Bochev-Hyman )





$|\nabla u|^{2}=\langle du,$ $du\rangle_{\Lambda^{1}}$
$2d^{*}du$ $\langle$dd $u_{d},$ $d_{d}u_{d}\rangle_{C}i$ $2d_{d}^{*}d_{d}u_{d}$
6
68
1. 4 $Q$ $0$ 1
5 $Q_{d}$
$0$ $C^{0}$ 1 $C^{1}$
$Au_{d}=b$ (11)
$u_{d}\in Q_{d}$ $A,$ $b$
2. $\omega\#:TQarrow TQ$ $\omega_{d}^{\#}$ : $TQ_{d}arrow TQ_{d}$ $\omega\#$ (2)
(9)
$\frac{\partial}{\partial x}=\frac{1}{2}(\star d-d^{*}\star)arrow\frac{1}{2}(\star_{10}d_{d}-d_{d}^{*}\star_{01})$ , $\nabla\cross=\frac{1}{2}(\star d+d^{*}\star)arrow\frac{1}{2}(\star_{21}d_{d}+d_{d}^{*}\star_{12})$
3. d, d $*,$ $\star,$ $\langle\cdot,$ $\cdot\rangle_{\Lambda^{k}}$






$= \langle\frac{\delta H_{d}}{\delta u_{d}},$
$\frac{du_{d}}{dt}\rangle_{T_{u_{d}}Q_{d}}$
$\omega_{d}^{\#}$
$= \langle\frac{\delta H_{d}}{\delta u_{d}},$









$Q:= \{u\in\Lambda^{0}|\int_{0}^{L}udx=\int_{0}^{L}$ uodx, $u(O)=u(L)\}$ $\omega\#$
$\omega^{\#}:\frac{\delta H}{\delta u}\mapsto-\frac{1}{2}(\star d-d^{*}\star)\frac{\delta H}{\delta u}=\frac{\partial}{\partial x}\frac{\delta H}{\delta u}$
$H(u)= \int_{0}^{L}(\frac{1}{6}u^{3}-\frac{1}{2}(u_{x})^{2})dx=\frac{1}{6}\langle 1,$ $u^{3} \rangle_{\Lambda^{0}}-\frac{1}{2}\langle du,$ $du\rangle_{\Lambda^{1}}$
(3), (4)
7.1
$[0, L)$ $N$ $\langle 1\rangle,$
$\ldots,$




$e_{i}(\langle j\rangle)=\{\begin{array}{l}1 (i=j),0 (otherwise),\end{array}$ $e_{i,i+1}(\langle j,j+1\rangle)=\{\begin{array}{l}1 (i=j),0 (otherwise),\end{array}$
$v= \sum_{j=1}^{N}V_{\langle j\rangle^{e}j}\in C^{0}$
$d_{d}v=\sum_{j=1}^{N}(V_{\langle j+1\rangle}-V_{(j\rangle})e_{j,j+1},$ $d_{d}^{*}w=-\sum_{j=1}^{N}\frac{2}{x_{j+1}-x_{j-1}}(\frac{W_{\langle j,j+1\rangle}}{x_{j+1}-x_{j}}-\frac{W_{\langle j-1,j\rangle}}{x_{j}-x_{j-1}})e_{j}$
$\mathcal{I}$
$\mathcal{I}(e_{i})=f_{i},$ $f_{i}(x)=\{\begin{array}{l}1 (x\in[\frac{x_{1-1}}{2}, \frac{x_{*+1}}{2})),0 (otherwise),\end{array}$
$\mathcal{I}(e_{i,i+1})=g_{i}dx,$ $g_{i}(x)=\{\begin{array}{ll}\frac{1}{x:+1-x_{1}} (x\in[x_{i}, x_{i+1})),0 (otherwise).\end{array}$
Hodge
$w= \sum_{j=1}^{N}W_{\circ,j+1\rangle^{e}j,j+1}\in C^{1}$
$d_{d}v=\sum_{j=1}^{N}(V_{\langle j+1\rangle}-V_{\langle j\rangle})e_{j,j+1},$ $d_{d}^{*}w=-\sum_{j=1}^{N}\frac{2}{x_{j+1}-x_{j-1}}(\frac{W_{\langle j,j+1\rangle}}{x_{j+1}-x_{j}}-\frac{W_{\langle j-1,j\rangle}}{x_{j}-x_{j-1}})e_{j}$






$u(t)\in C^{0}$ $u_{d}(t)= \sum_{j=1}^{N}U_{\langle j\rangle}(t)e_{\langle j\rangle}$ $Q$
$\langle$ 1, $u_{d}(t)\rangle_{C^{\text{ }}}=\langle 1,$ $u_{d}(0)\rangle_{C^{0}}$
$Q_{d}=\{v\in C^{0}|\langle 1, v\rangle_{C^{0}}=\langle 1, u_{d}(0)\rangle_{C^{0}}\}$
$T_{v}Q_{d}$
$T_{v}Q_{d}=\{\delta v\in C^{0}|\langle 1, \delta v\rangle_{C^{0}}=0\}$
$\omega_{d}^{\#}\delta v:=-\frac{1}{2}(\star_{10}d_{d}-d_{d}^{*}\star_{01})\delta v=\sum_{j}\frac{1}{x_{j+1}-x_{j-1}}(\delta V_{j+1}-\delta V_{j-1})e_{j}$
$\delta v=\sum_{j}\delta Ve\in T_{v}Q_{d}$
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$H_{d}(u_{d})= \frac{1}{6}\langle 1,$ $u_{d}^{3} \rangle_{C^{0}}-\frac{1}{2}\langle d_{d}u_{d},$ $d_{d}u_{d}\rangle_{C^{1}}$





$\frac{dU_{\langle j\rangle}}{dt}=\frac{1}{x_{j+1}-x_{j-1}}((\frac{\delta H_{d}}{\delta u_{d}})_{\langle j+1\rangle}-(\frac{\delta H_{d}}{\delta u_{d}})_{\langle j-1\rangle})$ ,
$( \frac{\delta H_{d}}{\delta u_{d}})_{\langle j\rangle}=\frac{1}{2}U_{\langle j\rangle}^{2}+\frac{2}{x_{j+1}-x_{j-1}}(\frac{U_{\langle j+1\rangle}-U_{\langle j\rangle}}{x_{j+1}-x_{j}}-\frac{U_{\langle j\rangle}-U_{\langle j-1\rangle}}{x_{j}-x_{j-1}})$
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8
AVF (average vector field)
$\frac{u_{\langle j\rangle}^{(n+1)}-U_{0\rangle}^{(n)}}{\triangle t}+\delta^{(1)}((U_{\langle j\rangle}^{(n)})^{2}+U_{0\rangle}^{(n)}U_{0\rangle}^{(n+1)}+(U_{\langle j\rangle}^{(n+1)})^{2}+\frac{1}{2}\delta^{(2)}(U_{0\rangle}^{(n)}+U_{C\rangle}^{(n+1)}))=0$
$\delta^{(1)},$ $\delta^{(2)}$ 1 2
AVF
[5]
$\frac{d\tilde{u}}{dt}=(\overline{J}_{\Delta x}+\frac{(\Delta t)^{2}}{12}\tilde{J}_{\Delta x}(\frac{\delta\tilde{H}}{\delta\tilde{u}})^{f}\tilde{J}_{\Delta x}(\frac{\delta\tilde{H}}{\delta\tilde{u}})’\tilde{J}_{\Delta x})\frac{\delta\tilde{H}}{\delta\tilde{u}}+O((\Delta t)^{4})$,
$\tilde{J}_{\Delta x}=(\frac{\partial}{\partial x}+\frac{(\triangle x)^{2}}{3!}\frac{\partial^{3}}{\partial x^{3}}+\frac{(\triangle x)^{4}}{5!}\frac{\partial^{5}}{\partial x^{5}}+\cdots)$ ,
$\tilde{H}(\tilde{u},\tilde{u}_{x},\tilde{u}_{xx}, \ldots)=-\tilde{u}^{3}+\frac{1}{2}\tilde{u}_{x}^{2}-\frac{(\Delta x)^{2}}{4!}\tilde{u}_{xx}^{2}+\frac{(\Delta x)^{4}}{6!}\tilde{u}_{xxx}^{2}-+\cdots$
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